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We analyze the physics of accelerated particle detectors (such as atoms) crossing optical cavities.
In particular we focus on the detector response as well as on the energy signature that the detectors
imprint in the cavities. In doing so, we examine to what extent the usual approximations made in
quantum optics in cavities (such as the single-mode approximation, or the dimensional reduction
of 3+1D cavities to simplified 1+1D setups) are acceptable when the atoms move in relativistic
trajectories. We also study the dependence of these approximations on the state of the atoms and
the relativistic nature of the trajectory. We find that, on very general grounds, and already in the
weak coupling limit, single- and few-mode approximations, as well as 1+1D dimensional reductions,
yield incorrect results when relativistic scenarios are considered.
I. INTRODUCTION
To study the physics of atoms inside optical cavities
sometimes approximations coming from quantum optical
considerations are employed. For example, it is common
to carry out the single-mode approximation (or perhaps
in some cases a few-mode approximation) where the num-
ber of modes in the cavity is reduced to a subset of close-
to-resonance modes that the atom interacts with. An-
other common approximation is to consider 1+1D cavi-
ties neglecting the fact that the cavities are implemented
in 3+1 dimensional spacetime. This last consideration
may in principle seem reasonable in the case of, for in-
stance, optical fibres that are very long as compared to
their cross section.
Although there are many treatments of quantum optics
in a cavity in which the full spatial and temporal mode
structures are considered, the number of cases where
these approximations are used is vast. For instance,
among many, see [1–8] for the single- or few-mode approx-
imation, or, e.g., [9–13] for the usage of 1+1D cavities.
While simplifying the problem, sometimes the rationale
for these simplifications remains to be justified, above all
in relativistic regimes. In a similar spirit, in [13] the au-
thors investigate in 1+1D the validity of the single-mode
approximation inside a cavity with a stationary qubit,
but still within a 1+1D framework and limited only to
the ultra-strong coupling regime.
In this paper we will analyze whether the common ap-
proximations of quantum optics are valid in the weak cou-
pling limit in a 3+1D cavity setup for a moving two-level
particle detector like an atom. That comprises analyzing
the soundness of the single- and few-mode approxima-
tion and of the approximation consisting of reducing the
3+1D model to a 1+1D problem for long cavities of small
cross section.
This is particularly relevant in the context of the Unruh
effect [14–16] within a cavity, i.e. for relativistic trajec-
tories of particle detectors in cavities. Specifically, this
is of importance in the light of relatively recent propos-
als for experiments for the detection of the Unruh effect
involving optical cavities [1, 2, 17–19].
We will characterize when and how any of those approxi-
mations are acceptable in the ideal case where the optical
cavities are considered to be made out of perfect conduct-
ing plates. We will see that neither the few-mode approx-
imation nor the consideration of 1+1 dimensional cavities
to approximate long (optical fibre-like) 3+1D cavities are
generally justified for moving atoms in cavities when rel-
ativistic trajectories are considered (such as those com-
mensurate with the Unruh effect).
II. SETUP
A. Objectives
We consider an accelerated particle detector inside a
cylindrical cavity. We wish to analyze the effects of the
detector on the quantum field inside the cavity due to
its acceleration, as well as the detector’s response. The
scenario is depicted in Fig. 1. The first thing we will ana-
lyze is in which field modes the energy deposited after the
detector crossed the cavity depending on the detector’s
initial state and its trajectory. In other words, which
field modes will get excited and how does the energy dis-
tribute in the field modes after the passing of the detector
through the cavity after one run.
We will model the detector as an Unruh-DeWitt particle
detector consisting of two energy levels separated by a
gap Ω, and the field will be taken to be a massless scalar
field in 3 + 1 dimensions. This setup captures all the rel-
evant features of the light-matter interaction neglecting
exchange of angular momentum between field and de-
tector (for more details check [20, 21], and section II of
[22]).
In addition to the analysis above, we will further com-
pare the state of the field after the cavity is crossed by
an accelerated detector to the case where the detector
is moving with constant velocity, and also comparing to
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2FIG. 1. Detector moving with constant proper acceleration a
along the central axis of a cylindrical cavity of length L.
a non-relativistic approximation to the trajectory of the
detector. The former will show whether the state of the
field has any unique signature deriving from the acceler-
ation as opposed to non-accelerated detectors.
Moreover, as a measure of validity of the single- or few-
mode approximation, we will study the transition proba-
bilities after crossing the cavity and how much the predic-
tions of the single- and few-mode approximation deviate
from the exact results.
Finally, we will investigate whether it is possible to use
a 1+1D model to reproduce the 3+1D model where the
length of the cavity is much larger than its radius, (i.e. an
‘optical fibre’ experiment), both in the case of a massless
1+1D model and in the refined case of a massive 1+1D
model whose mass results from the effective reduced di-
mensions of spacetime. For this we will also compare the
predictions for the atomic dynamics.
B. Time evolution
Since we are considering a cylindrical cavity with Dirich-
let boundary conditions modeling a perfectly reflecting
plate, first the massless Klein-Gordon equation is solved
in cylindrical coordinates (see Appendix A), so that the
quantized scalar field reads
φˆ(r, ϕ, z, t) =
∞∑
m=0
n,l=1
(
umlnaˆmln + u
∗
mlnaˆ
†
mln
)
, (1)
where the creation and annihilation operators aˆ†mln and
aˆmln have the canonical commutation relations. n is
the longitudinal quantum number, and m and l are the
quantum numbers corresponding to transversal degrees
of freedom. The field modes umln have the form
umnl(r, ϕ, z, t) = Amlne
imϕe−iωt sin
(npi
L
z
)
Jm
(
xml
%
r
)
,
(2)
Amln =
1
%
√
LpiωJm+1(xml)
, (3)
ω =
√
x2ml
%2
+
n2pi2
L2
, (4)
with xml being the l-th zero of the m-th Bessel function
of the first kind Jm.
After detector crossing the initial state ρˆ0 of joint system
of detector and cavity transforms to
ρˆd,φ = Uˆ ρˆ0Uˆ
†, (5)
where
Uˆ = T exp
(
−i
∫ T
0
dτHˆI(τ)
)
. (6)
T denotes the time-ordering operation, and the integra-
tion limits 0 and T correspond to the times at which
the detector enters and exits the cavity in the detector’s
frame respectively (see Fig. 1). The Unruh-DeWitt in-
teraction Hamiltonian in the interaction picture reads
HˆI(τ) = λµˆ(τ)φˆ(x(τ), t(τ)), (7)
where λ is the coupling strength between detector and
field, and µˆ(τ) = eiΩτ σˆ+ + e−iΩτ σˆ− is the detector’s
monopole moment (σˆx in the interaction picture) with
σˆ+/− being the SU(2) ladder operators, and τ is the
proper time of the detector. In the Hamiltonian we did
not include a time-dependent switching function as in-
side the cavity the coupling strength between detector
and field will be assumed to be constant. This is not a
problem since the Dirichlet boundary conditions ensure
that there are no UV divergences despite the finiteness
of the interaction.
The time-evolved state will be calculated by a perturba-
tive Dyson expansion of (6), granted the relevant param-
eters are small enough:
Uˆ = 1 −i
∫ T
0
dτ HˆI(τ)︸ ︷︷ ︸
Uˆ(1)
−
∫ T
0
dτ
∫ τ
0
dτ ′ HˆI(τ)HˆI (τ ′)︸ ︷︷ ︸
Uˆ(2)
+ . . .
(8)
Thus, to second order in the coupling constant λ the
evolved state takes the form
ρˆd,φ = ρˆ0 + Uˆ
(1)ρˆ0 + ρˆ0Uˆ
(1)†
+ Uˆ (2)ρˆ0 + ρˆ0Uˆ
(2)† + Uˆ (1)ρˆ0Uˆ (1)† +O(λ3). (9)
We assume that the field is initially in the vacuum state,
and that field and detector start out uncorrelated:
ρˆ0 = ρˆd ⊗ |0〉〈0| . (10)
For the initial state of the detector we assume it is either
in the ground state |g〉 or in the excited state |e〉. Then
after interaction time T between detector and field, the
final state of the field reads to second order in both cases
ρˆφ = |0〉〈0|+ trd
(
Uˆ (1)ρˆ0Uˆ
(1)†
)
+
(
trd
(
Uˆ (2)ρˆ0
)
+ H.c.
)
.
(11)
Note that in (11) there are no first order terms as the
detector starts in an energy eigenstate and therefore
trd
(
Uˆ (1)ρˆ0
)
= 0, thus O(λ2) is the leading order.
3III. VALIDITY OF A SINGLE (OR FEW) MODE
APPROXIMATION
We begin first assessing the (in)validity of the single-
mode approximation in relativistic scenarios. We will
do this in two ways:
1. We will compute what modes become non-
negligibly excited (what is the energy spectrum)
in the field in two scenarios: first after an acceler-
ated detector crossed the cavity in the longitudinal
direction, and secondly for a detector with constant
velocity.
2. We will calculate by how much the few-mode ap-
proximation fails to predict the transition proba-
bility of such detector.
Then we will repeat the analysis with the detector fol-
lowing a constant velocity trajectory. As we will see, it
is not true that most field excitations remain confined to
near-resonant modes.
A. Energy spectrum in the field and transition
probabilities for accelerated detectors
We consider a detector initially at rest at the entrance
of the cavity (r, ϕ, z, t) = 0, and its subsequent constant
proper acceleration a in the longitudinal direction z. The
detector’s worldline in the cavity frame parametrized by
its proper time τ is
z(τ) =
1
a
(cosh(aτ)− 1) , t(τ) = 1
a
sinh(aτ), r, ϕ = 0.
(12)
Hence, the field’s mode functions become
umln(τ) = δm0Amlne
−iωa sinh(aτ) sin
(npi
aL
(cosh(aτ)− 1)
)
,
(13)
where all contributions with m 6= 0 vanish since for
r = 0 we have that Jm(0) = δm0. The (detector’s proper
time) duration of the interaction inside the cavity is
T = arccosh(aL+ 1) /a. As can be seen in Appendix B 1,
the number expectation value of modes with quantum
number m = 0 is
Nl,n = λ
2
∣∣∣∣∣
∫ T
0
dτe±iΩτu∗0ln(τ)
∣∣∣∣∣
2
, (14)
where l, n > 0, and the ± is there to indicate that for the
+ sign the initial state of the detector is the ground state
and the − sign yields the result for the detector initially
in the excited state. We show as well in Appendix B 1
that, to leading order,
∑
l,nNl,n equals the probability
of finding the detector in a different state than initially
started after cavity crossing (again, this means that with
a + we start in |g〉 and we will get the vacuum excita-
tion probability, and with a − we start in |e〉 and get
the probability of spontaneous emission). We denote the
vacuum excitation probability Pg→e and the probability
of spontaneous emission Pe→g.
Hence, we can take as a measure of validity of the single-
or few-mode approximation the ratio
Nres∑∞
n,l=1Nl,n
=
Pg→e/e→gres
Pg→e/e→g , (15)
where the subscript ‘res’ indicates the contribution of the
resonant mode (single or few if they are close in energy).
This ratio is easy to justify: it tells us the relative mag-
nitude of the contribution of the resonant mode(s) with
respect to the full calculation where the single mode ap-
proximation is not assumed.
In Fig. 2 the distribution of excitations in the field modes
is displayed for different accelerations for both detector
settings. As can be seen clearly, for non-relativistic set-
ups (aL  1) in the case of the detector initially in the
excited state the excitations peak in the vicinity of the
resonant frequency ω ≈ Ω. However, for larger accelera-
tions, and hence larger final velocities, excitations can be
found far away from the resonance due to the relativistic
Doppler effect. If the detector starts out in the ground
state, there is no peak around the resonant frequencies
at all. This is due to the absence of a resonance in this
regime as well as the fact that counter-rotating contri-
butions become strong as the motion becomes more and
more relativistic, and the detector spends less time to
cross the cavity. Moreover, the initial ground state con-
figuration evolves to number expectation values which
are several orders of magnitude less than for the case
where the detector is initially excited.
In Table I we present upper bounds for the transition
probabilities. We define resonant modes as such modes
that are within 2% of the detector’s gap Ω. The ta-
ble shows that for an excited detector in non-relativistic
regimes the non-resonant contribution may be negligible,
depending on the set of parameters. Nonetheless, go-
ing to relativistic accelerations will significantly increase
the non-resonant contribution, as was expected from the
Doppler shift, and also adding a mode spread of the en-
ergy deposited in the field. In principle, this renders the
single-mode or few-mode approximation invalid in the ex-
cited case for high accelerations. If the detector enters
the cavity in its ground state, things look even worse
for the single-mode approximation: the resonant contri-
bution is negligible for all regimes, and thus we cannot
expect a mode few-approximation to be justified.
We have also performed a further study of the validity of
the approximation depending on the different parameters
of the problem, and it can be see in Appendix C.
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FIG. 2. Number expectation value N (proportional to the energy per mode) as a function of mode numbers n and l for an
accelerated detector, comparing relativistic to non-relativistic behavior. Parameters are %/L = 0.5, ⌦% = 10, ⌦L = 20 such
that the detector’s energy gap is resonant with ! for (m, l, n) = (0, 3, 3) (intersection of dashed lines). (a, b) aL = 0.00005 (final
velocity about 0.01); (c, d) aL = 0.05 (final velocity about 0.3); (e, f) aL = 0.5 (final velocity about 0.75); (g, h) aL = 200 (final
velocity of 0.99999). With higher accelerations, the resonance of the excited case experiences a Doppler shift, which results in
a broadening in the peak and a higher number of excited modes.
FIG. 2. Number expectation value N (proportional to the energy per mode) as a function of mode numbers n and l for an
accelerated detector, comparing relativistic to non-relativistic behavior. Parameters are %/L = 0.5, Ω% = 10, ΩL = 20 such
that the detector’s energy gap is resonant with ω for (m, l, n) = (0, 3, 3) (intersection of dashed lines). (a, b) aL = 0.00005 (final
velocity about 0.01); (c, d) aL = 0.05 (final velocity about 0.3); (e, f) aL = 0.5 (final velocity about 0.75); (g, h) aL = 200 (final
velocity of 0.99999). With higher accelerations, the resonance of the excited case experiences a Doppler shift, which results in
a broadening in the peak and a higher number of excited modes.
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FIG. 3. Number expectation value N of the cavity field as a function of mode numbers n and l, comparing relativistic to
non-relativistic behavior for the case of a detector with constant velocity. Parameters are %/L = 0.5, Ω% = 10, ΩL = 20 such
that the detector’s energy gap is resonant with ω for (m, l, n) = (0, 3, 3) (intersection of dashed lines). (a, b) Velocity v¯ = 0.005
(corresponding to aL = 0.00005); (c, d) v¯ = 0.16 (corresponding to aL = 0.05); (e, f) v¯ = 0.45 (corresponding to aL = 0.5); (g,
h) v¯ = 0.995 (corresponding to aL = 200). The velocities are chosen such that the detector traverses the cavity in the same
time interval (as seen form the cavity frame) as for the corresponding cases of an accelerated detector.
6Parameters %/L = 1/2, ΩL = 5.75, resonant with (l, n) = (1, 1)
aL 5× 10−5 5× 10−4 5× 10−3 5× 10−2 5× 10−1 200
Pe→gres /Pe→g ≤ 1.00 1.00 1.00 0.97 0.48 7× 10−5
Pg→eres /Pg→e ≤ 6.6× 10−3 6.5× 10−3 6.5× 10−3 6.4× 10−3 5.2× 10−3 6.8× 10−5
Parameters %/L = 1/2, ΩL = 20, resonant with (l, n) = (3, 3)
aL 5× 10−5 5× 10−4 5× 10−3 5× 10−2 5× 10−1 200
Pe→gres /Pe→g ≤ 0.89 0.8 0.42 0.13 0.06 3.3× 10−5
Pg→eres /Pg→e ≤ 6.2× 10−4 6.2× 10−4 6.2× 10−4 6.2× 10−4 5.4× 10−4 2.9× 10−5
Parameters %/L = 1/2, ΩL = 50, 10 resonant modes
aL 5× 10−5 5× 10−4 5× 10−3 5× 10−2 5× 10−1 200
Pe→gres /Pe→g ≤ 0.99 0.98 0.53 0.09 0.06 5.5× 10−4
Pg→eres /Pg→e ≤ 1.5× 10−3 1.5× 10−3 1.5× 10−3 1.5× 10−3 1.4× 10−3 5.4× 10−4
TABLE I. 3+1D: Determining the validity of the single- and few-mode approximation by finding an upper bound to the ratio
of the resonant contribution to the total spontaneous emission probability Pe→g and vacuum excitation probability Pg→e,
respectively. The resonant modes have been chosen such that they differ at most 2 % energetically from the detector gap Ω.
We have taken as the cut-offs for the sums over n and l 104 and 200, respectively.
B. Single-mode approximation for
constant-velocity motion
We compare now to the case of constant velocity v¯
(a = 0) in order to clarify which signatures are due to
acceleration and which are a mere artifact of the velocity.
To that end, we choose as the worldline
z(τ) = γv¯τ, t(τ) = γτ, r, ϕ = 0. (16)
We find the mode functions to be
umln(τ) = δm0Amlne
−iωγτ sin
(npi
L
γv¯τ
)
, (17)
where again all contributions with m 6= 0 vanish. The
length of interaction as given by the proper time is T ′ =
L/γv¯, and we choose the velocity such that the detector
will require the same time (with respect to the cavity
frame) as the uniformly accelerated one to traverse the
cavity:
v¯ =
(
1 +
2
aL
)−1/2
. (18)
This allows to analytically solve the integral for the num-
ber expectation values (see (14)):
Nl,n =λ
2 2pi(nv¯)
2
ωL3(%γJ1(x0l))2
1 + (−1)n+1 cos
((
ω ± Ωγ
)
L
v¯
)
[(
ω ± Ωγ
)2
− (npiv¯L )2]2
,
(19)
where again the top sign denotes the initial ground state
and the bottom sign the initial excited state of the detec-
tor. Interestingly, Nl,n can be zero due to the oscillatory
behavior if (
ω ± Ω
γ
)
L
v¯
= pim, (20)
given that ω±Ω/γ 6= 0 and m ∈ Z\{n}, or for all odd n if
ω±Ω/γ = 0, i.e. if a corresponding (Lorentz transformed)
field mode is exactly resonant with the detector’s gap and
the detector is initially excited. This is a manifestation
of the phenomenon called ‘mode invisibility’, that was
introduced in [23] and has been also used in quantum
optics for non-demolition measurements [24, 25].
In Fig. 3 we show the results for constant velocity. For
both detector initializations (ground and excited), the
distribution is clearly distinguishable from the constant
acceleration setting. Considering constant velocity, the
distribution of number expectation values is sensitive to
the velocity, having zeros as discussed before. However,
an initially excited detector causes a relativistic Doppler
broadening of the initial resonance. As in the previous
case, the initial ground state detector does not exhibit a
resonance in the distribution, rendering any single-mode
approximation invalid for any regime.
In Fig. 4 one can see an upper bound to the ratio of the
resonant contribution to the spontaneous emission proba-
bility, given an exemplary parameter setting. Here again,
as was in the case for a uniformly accelerated detector,
the single-mode approximation does not reproduce the
distribution to a good fidelity for relativistic trajectories,
and even for low velocities caution is required due to its
oscillating behavior.
IV. VALIDITY OF A NON-RELATIVISTIC
APPROXIMATION
Another approximation that we will assess is the consid-
eration that the trajectory of the detector undergoes non-
relativistic motion and the trajectory is approximated by
a Galilean constant accelerated motion. This greatly sim-
plifies the mathematical treatment of the dynamics and
may be of interest for numerical reasons, but, as we will
see, it is not enough that the final speed of the detector
70.010 0.050 0.100 0.500 1
10- 6
10- 4
0.01
1
FIG. 4. Estimating an upper bound to the ratio of the res-
onant contribution to the spontaneous emission probability
with %/L = 0.5, ΩL = 20 for an excited detector with con-
stant velocity v¯. The detector’s energy gap is resonant with
ω for (m, l, n) = (0, 3, 3). We have chosen as the cut-offs for
the sums over n and l 2000 and 100, respectively, and used a
double-logarithmic plot.
is non-relativistic to carry out this approximation: this
approximation also fails to assess the amount of energy
deposited in high enough energy modes regardless of the
final speed of the detector. We will see that only for a
restricted number of modes the relative error in the mode
numbers is small for a given acceleration.
In the non-relativistic limit for aτ  1 the worldline (12)
approximates to
z(τ) =
aτ2
2
+O ((aτ)2) , t = τ +O ((aτ)3) , (21)
and under this approximation, one can find an analytic
solution to the integrals (14) by noting that
D±(l, n) :=
∫ T
0
dτeiτ(ω±Ω) sin
(
apinτ2
2L
)
=
(−1) 14√L
2
√
2an
{
ei
L
2pian (ω±Ω)2
[
erf
(
1+i
2 (pianT − L(ω ± Ω))√
pianL
)
+ erf
(
1+i
2
√
L(ω ± Ω)√
pian
)]
+ie−i
L
2pian (ω±Ω)2
[
erf
(
i−1
2 (L(ω ± Ω) + pianT )√
pianL
)
− erf
(
i−1
2
√
L(ω ± Ω)√
pian
)]}
. (22)
We can then write, recalling that only m = 0 is non-
vanishing,
Nl,n ≈ λ2|A0ln|2|D±(l, n)|2. (23)
The relative error ∆ due to the non-relativistic approxi-
mation (denoted by superscript NR) for the expectation
value of the number operator in the different field modes
Nl,bn is
∆(l, n) = 1− N
NR
l,n
Nl,n
. (24)
In Fig. 5 we show the relative error for different proper
accelerations a. For the detector initially in excited and
low numbers of n and l, the error peaks at the most
resonant modes. In general, for low accelerations, we
distinguish two kind of inaccuracies of the approxima-
tion. First, modes close in energy to the detector’s gap
from below will show an underestimation in the number
expectation values. Second, for the modes with larger
values of n and l, the non-relativistic approximation sys-
tematically overestimates the number expectation values.
Decreasing the proper acceleration reduces, as expected,
the relative error in both cases. However, for the larger
n and l set of modes, the approximation incurs in a run-
away relative error from the exact values as we further
increase the mode numbers l or n. This means that for
any fixed acceleration the approximation will fail to de-
scribe accurately the energy deposited for modes with l
and n high enough.
If the detector starts out in the ground state, there is
no such peaking but however the general overestimation
of the number expectation value of the non-relativistic
approximation can be seen. Towards larger values of n
and l this overestimation increases, and again results in
a diverging relative error for unbounded mode numbers l
or n. Overall, the non-relativistic approximation is only
reliable for low accelerations in the case of modes with
low n and l values if the detector is initially in the ground
state, and for modes which are close in energy to the
detector’s gap (but not resonant) for an initially excited
detector.
8Validity of non-relativistic approximation
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FIG. 5. Relative error ∆ of number of excitations of non-relativistic approximation to full solution as a function of mode
numbers n and l. Parameters are %/L = 0.5, ΩL = 50. (a, d) aL = 0.00005 (final velocity about 0.01); (b, e) aL = 0.005 (final
velocity about 0.1); (c, f) aL = 0.05 (final velocity about 0.3). The following field modes are within 2% of the detector’s gap:
(l, n) = {(1, 16), (3, 15), (4, 14), (5, 13), (6, 11), (7, 8), (7, 9), (8, 2), (8, 3), (8, 4)}. For the initially excited detector, the number
expectation values are underestimated only for those modes with associated energies that are close to the detector’s gap for low
accelerations; for higher accelerations this will get shifted in l direction mainly due to the Doppler shift. The higher energetic
modes all have overestimated number expectations. In all cases, going to higher mode number l or n will result in a run-away
relative difference from the exact solution even for low acceleration. For the initial ground-state setting of the detector, all
number expectation values are overestimated with the relative difference being lowest for low energy modes, and again, even
for low accelerations, the error is diverging from the exact solution by going to higher l or n modes.
V. 1-DIMENSIONAL APPROXIMATION TO
LONG AND THIN CAVITIES
Another common approximation that we see in the liter-
ature is to model an optical cavity through a 1+1D cavity
instead of the more realistic 3+1D model. The question
we address in this section is: can we perhaps approximate
a very long and thin cavity (think of an idealized, fully
9reflective optical fibre perhaps) by just a 1+1D cavity?
In more concrete words: we call the idealized optical fibre
limit the limit of a very thin and very long cylindrical
cavity. For %  L, we want to see whether the model
is effectively that of a massive scalar field in 1+1D. In
that case the main contribution to the dynamics would
then be dominated by the modes with l = 1 (recall l is
the label of the radial modes). This is so because for any
fixed Ω, as we take the limit even the lowest energy radial
mode will become far off-resonant with the detector gap,
i.e. ω  Ω as the idealized optical fibre limit is taken.
In particular, the energy spacing corresponding to modes
with different quantum numbers l, coming from the radial
modes, is significant. This can be seen from (4) as for low
n in the idealized optical fibre limit
ω ≈ x0l
%
= ω0
x0l
x01
, (25)
where we have defined ω0 := x01/%. Nonetheless, as we
will see in the plots, the first few l-modes greater than
one will still be moderately excited by detector crossing.
As we will see below in more detail (Fig. 6 and discussion
in the text), the best possible approximation for a 3+1D
cavity with a lower dimensional one is certainly not that
of a 1+1D massless field. Instead, the transversal modes
will introduce a term that would effectively act as a mass
term in the equation of motion. Hence, we wish to com-
pare to a scalar field with the effective mass m˜ in a cavity
of length L in 1+1D with Dirichlet boundary conditions.
There the mode functions read
u˜n(z, t) =
1√
ω˜L
e−iω˜t sin
(npi
L
z
)
, (26)
where ω˜ =
√
m˜2 + (npiL )
2. Accordingly, we will choose
m˜ = m˜(l) = ω0x0l/x01. It follows that the mode func-
tions of both models for a given l (i.e., for a given mass
m˜(l)), when the detector in the 3 + 1D follows a longi-
tudinal trajectory, are equal up to an (l-dependent) pro-
portionality constant (cf. (2)):
u˜n(z, t) =
√
piJ1(x0l)%u0,l,n(0, 0, z, t). (27)
Notice that the two mode functions depend on different
powers of %. The effective 1+1D case inherits dependence
on % through the mass m˜. For % L, u˜n(z, t) ∝ √% and
u0,l,n(0, 0, z, t) ∝ %−1/2. On the other hand, as can be
seen from (13), taking the limit %/L → 0 will increase
the frequency of the oscillatory behavior resulting in en-
hanced cancellations of positive and negative contribu-
tions. Therefore, the deposited energy in the field modes
of the 3+1D as well as for the 1+1D will become smaller
as the quantity %/L goes to 0.
For fixed l, the behavior of the energy distribution in the
field is shown in Fig. 6. If the detector starts out in the
ground state, even though the energy gap Ω is resonant
with the first field mode (l, n) = (1, 1), one can witness
a peak in the deposited energy for modes with l 6= 1.
The smaller %/L (in the case of ground-state detectors)
or the larger the proper acceleration aL of the detector,
the more the peak for modes with fixed l will occur for
larger n. It also noticeable that for higher l, the peak
will occur for larger values of n and be less in magnitude
for ground-state detectors. Conversely, modes with l > 1
are strongly suppressed if the detector is initially in the
excited state. In Fig. 7, the modes are shown for fixed
n: The dominating contribution comes from l = 1, and
very quickly falls off for higher values of l. If the detector
is initially excited for small accelerations, the mode with
n = 1 will be the most significant one. On the other hand,
for ground-state detectors and larger accelerations, other
modes will be more relevant. Also changing the radial
extension or the acceleration mainly changes the overall
magnitude, not where the dominating contribution is to
be found for fixed n.
For comparison, the energy in the field after detector
crossing in the 1+1D model with a massless scalar field
is shown as well in Fig. 6. An initially excited detector
will cause that the energy is sharply localized at the res-
onant field mode, showing a Doppler shift for relativistic
accelerations. If the detector starts out in the ground
state, the energy peaks again at the resonance but falls
off much slower. The deposited energy in the massless
model has a peak that differs in magnitude and position
from the 3+1D model, this is especially significant if the
detector is initially excited. Therefore a massless field is
not a good effective model for the idealized optical fibre
limit of the 3+1D case.
Of course the natural effective model, as we argued,
should be the massive 1+1D field. We do not need to
plot the energy distribution for the 1+1D case because,
as we see from (27), the modes are equal up to a factor
of
√
piJ1(x0l)%, and therefore the energy deposited per
mode in the 3+1D case will be equal to the 1+1D case
up to the square of that factor. Namely using (14):
E˜
(1+1)
l,n = piJ1(x0l)
2%2E
(3+1)
l,n . (28)
As we see in Fig. 6, modes with l > 1 can be comparable
or even larger in magnitude to modes with l = 1 but for
different values of n. Overall, for the same l the modes in
longitudinal direction, i.e. with quantum number n, can
be modelled by a 1+1D massive case, where for every l
another mass is required in 1+1D.
However, it is not true that the 1+1D massive model is
always a good model for a thin cylindrical cavity. To see
this let us to consider the excitation probability of the
detector after leaving the cavity, and conclude whether
it is the same in both models. If the detector in 1+1D
starts out in the ground state, the probability P˜g→el , for
a fixed mass m˜ of the scalar field given by l, of finding it
excited when leaving the cavity has this form to leading
order in perturbation series:
P˜g→el =
∞∑
n=1
| 〈(0, n), e| Uˆ (1) |0, g〉 |2
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(c) %/L = 1/50, aL = 1/2
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(e) %/L = 1/150, aL = 1/20000
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FIG. 6. Energy E/λ2 deposited in the field modes n for different given fixed l in the 3+1D model for different values of the
radius % and acceleration a. Parameters are such that the detector’s energy gap is most resonant with (l, n) = (1, 1) (ΩL = 120.2
in (a, c, d, f) and ΩL = 360.7 in (b, e)). The maximum depends on radial extension % and proper detector acceleration a.
If the detector is initially in the ground state, the modes with l = 1 are not the most dominant ones. As a comparison the
deposited energy for a massless scalar field in the 1+1D model denoted by m˜ = 0 and rescaling for presentation purposes
has been included. The behavior of the energy in the massless case deviates significantly (most prominently if the detector is
initially excited), having the peak for a different n than in the 3+1D case.
= λ2
∞∑
n=1
∣∣∣∣∣
∫ T
0
dτeiΩτ u˜n(z(τ), t(τ))
∗
∣∣∣∣∣
2
, (29)
where the l dependence is implicit in the ω˜ which depends
on the mass m˜ as a function of l. From (27) one can
compare it to the probability of excitation Pg→e for the
3+1D model (cf. (B8)):
Pg→e =
∞∑
l=1
Pg→el =
∞∑
l=1
1
piJ1(x0l)2%2
P˜g→el , (30)
where Pg→el without tilde is the collective contribution
of all modes to the excitation probability for a given l:
Pg→el = λ2
∞∑
n=1
∣∣∣∣∣
∫ T
0
dτeiΩτu0,l,n(0, 0, z, t)
∗
∣∣∣∣∣
2
. (31)
If the excitation probability for the detector in 3+1D has
significant contributions only for l = 1, then the 1+1D
model is a good approximation in the idealized optical fi-
bre limit to describe the detector response. An estimator
of the validity of the approximation could be the rela-
tive magnitude F of the l > 1 modes contribution to the
probability with respect to the contribution that comes
from the modes with l = 1 which constitute the 1+1D
approximation as discussed above.
The estimator is difficult to evaluate, but we can easily
derive a lower bound to it by evaluating the partial sum
up to Nl and Nn:
F =
∑∞
l=2
Pg→el
Pg→e1
≥
∑Nl
l=2
Pg→e,Nnl
Pg→e1
, (32)
where Pg→e,Nnl indicates that the sum in n is truncated
at Nn. For simplicity, we will consider a detector with
small constant velocity v, which will allow to feasibly per-
form the sum numerically. The contribution from modes
with a fixed l to the excitation probability in the 3+1D
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FIG. 7. Energy E/λ2 deposited in the field modes l for different given n in the 3+1D model for different values of the radius
% and acceleration a. Parameters are such that the detector’s energy gap is most resonant with (l, n) = (1, 1) (ΩL = 120.2 in
(a, c, d, f) and ΩL = 360.7 in (b, e)). The maximum is thus always located at l = 1 for %/L 1. The modes with n = 1 are
only dominant for initially excited detectors for low accelerations.
model takes the following form (see (19)):
Pg→el =
∞∑
n=1
2λ2pi(nv¯)2
ωL3(%γJ1(x0l))2
1 + (−1)n+1 cos
((
ω + Ωγ
)
L
v
)
[(
ω + Ωγ
)2
− (npivL )2]2
.
(33)
The results are shown in Table II. We find that F does
not seem to have the limit zero, and that therefore the
dimensional reduction to 1+1D will not reproduce the re-
sults faithfully as the excitation probability for the 3+1D
case has in fact non-negligible contributions coming from
l > 1. Furthermore, we show the validity of the single-
mode approximation in 1+1D by evaluating the resonant
contribution of a single field mode to the total excitation
probability for scalar fields of different masses m in Ta-
ble III. There we included also the contribution of the
resonant to the total probability to find the detector in
its ground state if it was initially excited (Pe→g), with
an analogous derivation as in Appendix B 1 for the 3+1D
model. We have picked the detector’s gap such that it is
resonant with the first field mode since this will give us
an upper bound to the resonant contribution to the to-
tal excitation probability. This can be seen in Table IV:
Parameters v¯ = 0.005 , ΩL = 20
%/L 5× 10−1 10−2 10−3 10−4 10−5 10−6
F ≥ 151.47 4.9 4.15 4.11 4.05 3.16
Parameters v¯ = 0.005 , ΩL resonant with (l, n) = (1, 1)
%/L 5× 10−1 10−2 10−3 10−4 10−5 10−6
F ≥ 31.31 16.42 17 16.88 16.65 12.11
TABLE II. Estimating the validity of the 1+1D model by con-
sidering the ratio of excitation probabilities F as a function
of %/L for constant non-relativistic velocity v¯ = 0.005 in the
3+1D model, and both fixed detector’s gap ΩL = 20 as well
as varying detector’s gap such that it is always most resonant
with the first field mode. We have chosen as the cut-offs for
the sums over n and l Nn = 10
8 and Nl = 250, respectively.
The ratio P˜g→eres /P˜g→e falls off for larger values of the gap
Ω. In particular this is due to choosing only one mode
of the field. For the case of the detector initially ex-
cited, we find that the single mode approximation holds
well for non-relativistic trajectories, and that the size of
the detector’s gap minimally changes the validity of the
single-mode approximation. Overall, the larger the mass
of the scalar field, or the gap (in the case of the excitation
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probability) of the detector, and the more relativistic the
trajectory, the worse the single-mode approximation will
be.
In the case of the excitation probability, even a more
generous assumption of taking all the modes that are
within 20% of Ω as resonant contribution shows that
a few-mode approximation will not be sufficient to re-
produce the exact results (see Table V). In that case,
nonetheless, the ratio is largely insensitive to the gap Ω,
which implies that especially for larger Ω the contribu-
tion is more distributed among several modes. Therefore,
the single-mode approximation cannot reproduce the ex-
pected results for a detector that is initially in the ground
state, that is even true for non-relativistic trajectories.
VI. CONCLUSION
We have studied the imprint of an accelerated detector
crossing a cavity on the quantum field, as well as the
transition probabilities of the detector after crossing the
cavity. In particular we looked at relativistic and non-
relativistic regimes and found that a sharp localization
in the energy distribution of the field can only be given
for initially excited detectors with non-relativistic accel-
erations. However, even in these settings, we saw that
assuming a single-mode or few-mode approximation will
not always – depending on the specific parameters of de-
tector and cavity – yield a satisfactory reproduction of
the general results. Moreover, as soon as we enter the rel-
ativistic regime or have a detector initially in the ground
state, a restriction of the relevant field modes to one or
a few will even in principle fail to predict the correct
results.
We compared the results to the signature of the field
if a detector crosses with constant velocity, and found
that the distributions can be distinguished in order to ex-
tract the acceleration-induced influence on the field state
after the detector crosses the cavity. Furthermore, we
have shown that non-relativistic approximations on the
trajectory of the detectors crossing optical cavities yield
incorrect results for high-energy modes, even for non-
relativistic regimes (aL 1).
Finally, we studied the case of a cavity where its length
is much larger than its radius, i.e. that of an ‘optical
fibre’, and showed that neither a massive nor (above all)
a massless quantum field in 1+1D can be reliably used
to study the results of the idealized optical fibre limit.
These results can become particularly relevant now that
there are proposals to assess Unruh and Hawking effect
related phenomena using atoms and optical cavities. The
main conclusion of this paper is that some of the most
common approximations made in quantum optics have to
be questioned for any experiments involving relativistic
effects.
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Appendix A: Solving for massless scalar field in cylindrical cavity
First, we have to solve the massless Klein-Gordon equation for a cylindrical cavity with Dirichlet boundary conditions.
We thus have a massless scalar field φ in a cavity of length L and radius % such that in cylindrical coordinates
φ(r, ϕ, z, t) = 0 for z = 0, z = L, r = %. (A1)
The corresponding Klein-Gordon equation has the form
φ = 1
r
∂
∂r
(
r
∂φ
∂r
)
+
1
r2
∂2φ
∂ϕ2
+
∂2φ
∂z2
− ∂
2φ
∂t2
= 0, (A2)
and can be solved assuming the following separation ansatz: φ(r, φ, z, t) = R(r)Ψ(ϕ)Z(z)T (t). Hence (A2) yields
1
rR
∂
∂r
(
r
∂R
∂r
)
+
1
r2Ψ
∂2Ψ
∂ϕ2
+
1
Z
∂2Z
∂z2
=
1
T
∂2T
∂t2
. (A3)
Since the right-hand side depends only on t and the left-hand side is independent of t, both sides must be equal to a
separation constant −ω2. This gives
T (t) = e±iωt, (A4)
where we omit here (to be computed later) the normalization constant. Therefore, (A2) can be simplified and reads
1
rR
∂
∂r
(
r
∂R
∂r
)
+
1
r2Ψ
∂2Ψ
∂ϕ2
+
1
Z
∂2Z
∂z2
+ ω2 = 0. (A5)
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Parameters mL = 0, ΩL = 3.14 (resonant with l = 1)
aL 5× 10−5 5× 10−4 5× 10−3 5× 10−2 5× 10−1 200
P˜e→gres /P˜e→g 1.000 1.000 1.000 0.997 0.746 0.052
P˜g→eres /P˜g→e 0.522 0.523 0.522 0.529 0.526 0.051
Parameters mL = 2.41 , ΩL = 3.95 (resonant with l = 1)
aL 5× 10−5 5× 10−4 5× 10−3 5× 10−2 5× 10−1 200
P˜e→gres /P˜e→g 1.000 1.000 1.000 0.993 0.664 0.031
P˜g→eres /P˜g→e 0.334 0.334 0.336 0.327 0.2626 0.03
Parameters mL = 4.81 , ΩL = 5.74 (resonant with l = 1)
aL 5× 10−5 5× 10−4 5× 10−3 5× 10−2 5× 10−1 200
P˜e→gres /P˜e→g 1.000 1.000 1.000 0.973 0.515 0.008
P˜g→eres /P˜g→e 0.133 0.133 0.132 0.127 0.091 0.008
Parameters mL = 48.1 , ΩL = 48.19 (resonant with l = 1)
aL 5× 10−5 5× 10−4 5× 10−3 5× 10−2 5× 10−1 200
P˜e→gres /P˜e→g 1.000 0.994 0.594 0.097 0.004 1.5× 10−5
P˜g→eres /P˜g→e 2.6× 10−4 2.6× 10−4 2.6× 10−4 2.5× 10−4 1.8× 10−4 1.5× 10−5
TABLE III. 1+1D variation in aL: Ratio of the contribution of the resonant modes to the total spontaneous emission probability
P˜e→g and vacuum excitation probability P˜g→e, respectively, with different values of mL, ΩL, and varying detector acceleration
aL. The detector’s gap is chosen such that the first field mode, i.e. l = 1, is most resonant with the gap.
Parameters mL = 0, aL = 5× 10−5
ΩL 3.14 (l=1) 10 (l=3) 50 (l=16) 100 (l=32)
P˜e→gres /P˜e→g 1.000 0.996 1.000 1.000
P˜g→eres /P˜g→e 0.522 0.131 0.023 0.012
Parameters mL = 2.41, aL = 5× 10−5
ΩL 3.95 (l=1) 10 (l=3) 50 (l=16) 100 (l=32)
P˜e→gres /P˜e→g 1.000 1.000 1.000 1.000
P˜g→eres /P˜g→e 0.334 0.137 0.024 0.012
Parameters mL = 4.81, aL = 5× 10−5
ΩL 5.74 (l=1) 10 (l =3) 50 (l =16) 100 (l =32)
P˜e→gres /P˜e→g 1.000 0.995 1.000 1.000
P˜g→eres /P˜g→e 0.133 0.135 0.012 0.012
Parameters mL = 48.09, aL = 5× 10−5
ΩL 48.19 (l=1) 49 (l = 3) 70 (l = 16) 111 (l = 32)
P˜e→gres /P˜e→g 1.000 1.000 1.000 1.000
P˜g→eres /P˜g→e 2.6× 10−4 0.002 0.016 0.013
TABLE IV. 1+1D variation in ΩL: Ratio of the contri-
bution of the resonant modes to the total spontaneous
emission probability P˜e→g and vacuum excitation proba-
bility P˜g→e, respectively, with different values of m˜L, and
varying detector’s gap ΩL in the non-relativistic regime.
We have selected as resonant contribution only the one
field mode closest in energy to Ω, indicated in the brack-
ets for the corresponding detector’s gap.
Parameters mL = 0, aL = 5× 10−5
ΩL 3.14 10 50 100
P˜g→eres /P˜g→e 0.522 0.131 0.166 0.153
Parameters mL = 2.41, aL = 5× 10−5
ΩL 3.95 10 50 100
P˜g→eres /P˜g→e 0.334 0.137 0.168 0.154
Parameters mL = 4.81, aL = 5× 10−5
ΩL 5.74 10 50 100
P˜g→eres /P˜g→e 0.133 0.135 0.171 0.155
Parameters mL = 48.1, aL = 5× 10−5
ΩL 48.19 49 70 111
P˜g→eres /P˜g→e 0.07 0.069 0.187 0.2
TABLE V. 1+1D variation in ΩL with few-mode approx-
imation: Ratio of the resonant contribution to the vac-
uum excitation probability P˜g→e of the 1+1D model with
aL = 5×10−5, and varying ΩL for different masses in the
non-relativistic regime. Here those field modes that are
in 20% difference from the detector’s gap are taken to be
the resonant modes.
Following the same prescription for Z, we find using the separation constant α2
1
Z
∂2Z
∂z2
= −ω2 + α2 ⇒ Z(z) = exp
(
±i
√
ω2 − α2z
)
. (A6)
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Employing the Dirichlet boundary conditions Z(0) = Z(L) = 0, one arrives at
Z(z) = sin
(√
ω2 − α2z
)
= sin
(npi
L
z
)
, (A7)
where
√
ω2 − α2 = npiL and n ∈ Z+. Accordingly,
r
R
∂
∂r
(
r
∂R
∂r
)
+ α2r2 = − 1
Ψ
∂2Ψ
∂ϕ2
= m2, (A8)
such that
Ψ(ϕ) = e±imϕ. (A9)
In order to have a single-valued solution, i.e. Ψ(ϕ+ 2pi) = Ψ(ϕ), m ∈ Z+. Finally, for the radial part
0 =
1
rR
∂
∂r
(
r
∂R
∂r
)
− m
2
r2
+ α2 ⇒ 0 = ∂
2R
∂r2
+
1
r
∂R
∂r
+
(
α2 − m
2
r2
)
R. (A10)
Substituting αr = x yields the Bessel differential equation which can be solved by the Bessel functions Jm(αr) and
Ym(αr) of the first and second kind, respectively. Requiring regularity at r = 0 and the boundary condition R(%) = 0,
we find
R(r) = Jm
(
xml
%
r
)
, (A11)
where α = xml% , and xml is the l-th zero of the mth Bessel function Jm. This gives
ω =
√
x2ml
%2
+
n2pi2
L2
. (A12)
Ultimately, and including a normalization factor Amln, the solution for the scalar field modes is
umnl(r, ϕ, z, t) = Amlne
imϕe−iωt sin
(npi
L
z
)
Jm
(
xml
%
r
)
, (A13)
such that the quantized scalar field takes the form
φˆ(r, ϕ, z, t) =
∞∑
m=0
n,l=1
(
umlnaˆmln + u
∗
mlnaˆ
†
mln
)
, (A14)
where the creation and annihilation operators aˆ†mln and aˆmln have with [aˆmln, aˆ
†
m′l′n′ ] = δmm′δll′δnn′ the usual
commutation relations. The normalization factors can be found using the Klein-Gordon inner product:
(umln, um′l′n′) = i
∫
dV
(
u∗mln
∂um′l′n′
∂t
− um′l′n′ ∂u
∗
mln
∂t
)
= 2A∗mlnAm′l′n′ω
∫ s
0
drrJm
(
xml
%
r
)
Jm′
(
xm′l′
%
r
)∫ L
0
dz sin
(npi
L
)
sin
(
n′pi
L
)∫ 2pi
0
dϕei(m
′−m)ϕ
=
4piL%2
4
|Amln|2ωJm+1(xml)2δmm′δll′δnn′ (A15)
where dV is a spacelike hypersurface, and we used the Sturm-Liouville orthogonality condition∫ s
0
drrJm
(
xml
%
r
)
Jm
(
xmj
%
r
)
=
%2
2
δljJm+1(xml)
2. (A16)
Thus if we impose delta-normalization for the modes (umln, um′l′n′) = δmm′δll′δnn′ , then the normalization factor is
obained as
Amln =
1
%
√
LpiωJm+1(xml)
. (A17)
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Appendix B: Time-evolved field state
In this section we derive the state of the field after detector crossing. We start from (11) and introduce the parameter
α which is either 1 or 0 when the detector is initially in the ground or excited state, respectively. As the correction
to the initial field state takes the following form:
ρˆφ − |0〉〈0| = trd
(
Uˆ (1)ρˆ0Uˆ
(1)†
)
+
(
trd
(
Uˆ (2)ρˆ0
)
+ H.c.
)
(B1)
we find
Uˆ (1)ρˆ0Uˆ
(1)† = λ2
∫ T
0
dτ
∫ T
0
dτ ′φˆ(x(τ), t(τ)) |0〉〈0| φˆ(x(τ ′), t(τ ′))µˆ(τ)(δα1 |g〉〈g|+ δα0 |e〉〈e|)µˆ(τ ′)
= λ2
∫ T
0
dτ
∫ T
0
dτ ′
(
δα1e
iΩ(τ−τ ′) |e〉〈e|+ δα0e−iΩ(τ−τ ′) |g〉〈g|
) ∞∑
m=0
m′=0
∞∑
n,l=1
n′,l′=1
u∗mln(τ)um′l′n′(τ
′) |(mln)〉〈(m′l′n′)| .
(B2)
Thus after tracing over the detector’s degrees of freedom
trd
(
Uˆ (1)ρˆ0Uˆ
(1)†
)
= λ2
∫ T
0
dτ
∫ T
0
dτ ′e±iΩ(τ−τ
′)
∞∑
m=0
m′=0
∞∑
n,l=1
n′,l′=1
u∗mln(τ)um′l′n′(τ
′) |(mln)〉〈(m′l′n′)| , (B3)
where here, and in the following, the top sign of either ± or ∓ is associated with the initial ground state of the
detector, and the bottom sign with its excited state. For the remaining correction term:
Uˆ (2)ρˆ0 = −λ2
∫ T
0
dτ
∫ τ
0
dτ ′φˆ(x(τ), t(τ))φˆ(x(τ ′), t(τ ′)) |0〉〈0|µ(τ)µ(τ ′)(δα1 |g〉〈g|+ δα0 |e〉〈e|)
= −λ2
∫ T
0
dτ
∫ τ
0
dτ ′(δα1e−iΩ(τ−τ
′) |g〉〈g|+ δα0eiΩ(τ−τ ′) |e〉〈e|)
×
∞∑
m=0
m′=0
∞∑
n,l=1
n′,l′=1
[u∗mln(τ)u
∗
m′l′n′(τ
′) |(mln), (m′l′n′)〉〈0|+ δmm′δll′δnn′umln(τ)u∗mln(τ ′) |0〉〈0|] . (B4)
Then after tracing out it yields
trd
(
Uˆ (2)ρˆ0
)
= −λ2
∫ T
0
dτ
∫ τ
0
dτ ′e∓iΩ(τ−τ
′)
∞∑
m=0
m′=0
∞∑
n,l=1
n′,l′=1
[u∗mln(τ)u
∗
m′l′n′(τ
′) |(mln), (m′l′n′)〉〈0|
+δmm′δll′δnn′umln(τ)u
∗
mln(τ
′) |0〉〈0|] . (B5)
1. Particularizing to longitudinal motion
We consider the case that the detector crosses the cavity longitudinally such that the field modes are as in (13). To
study the number of excitations and corresponding energy deposited in each field mode after a single run we only
need to be concerned with the diagonal elements |(mln)〉〈(mln)|. To that end, (B3) can be separated in diagonal and
off-diagonal terms, where the former takes the form
trd
(
Uˆ (1)ρˆ0Uˆ
(1)†
)∣∣∣
diag
= λ2
∞∑
n,l=1
|A0ln|2
∣∣∣∣∣
∫ T
0
dτe±iΩτei
ω
a sinh(aτ) sin
(npi
aL
(cosh(aτ)− 1)
)∣∣∣∣∣
2
|(0ln)〉〈(0ln)| . (B6)
Therefore the number expectation value in modes n, l reads
Nl,n = λ
2|A0ln|2
∣∣∣∣∣
∫ T
0
dτe±iΩτei
ω
a sinh(aτ) sin
(npi
aL
(cosh(aτ)− 1)
)∣∣∣∣∣
2
, (B7)
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where l, n > 0. It is not necessary to study the contribution coming from trd
(
Uˆ (2)ρˆ0
)
as the only diagonal term is
|0〉〈0|, which can be found by making use of the vanishing trace of the corrections to density operators in perturbation
theory at every order respectively.
The probability Pg→e of finding the detector that was initially in its ground state excited after crossing the cavity is,
to leading order, given by
Pg→e =
∞∑
n,l=1
| 〈(0, n,m), e| Uˆ (1) |0, e〉 |2 = 〈e| trφ
(
Uˆ (1)ρˆ0Uˆ
(1)†
)
|e〉 = λ2
∞∑
n,l=1
∣∣∣∣∣
∫ T
0
dτeiΩτu∗0ln(τ)
∣∣∣∣∣
2
=
∞∑
n,l=1
Nl,n. (B8)
Similarly, we find the probability Pe→g of an initially excited detector to be in its ground state after leaving the cavity
to be
Pe→g =
∞∑
n,l=1
| 〈(0, n,m), g| Uˆ (1) |0, g〉 |2 = 〈g| trφ
(
Uˆ (1)ρˆ0Uˆ
(1)†
)
|g〉 = λ2
∞∑
n,l=1
∣∣∣∣∣
∫ T
0
dτe−iΩτu∗0ln(τ)
∣∣∣∣∣
2
=
∞∑
n,l=1
Nl,n.
(B9)
Therefore for each corresponding initial detector setting and to the leading order in perturbation series that we are
using, the total expectation number of excitations in the field equals either of the detector probabilities. Hence, the
resonant mode contribution to the total excitations in the field equals the ratio of the resonant mode contribution to
the total vacuum excitation or spontaneous emission probability, depending on the initial detector state (suppressing
the superscripts):
Nres∑∞
n,l=1Nl,n
=
Pres
P . (B10)
Appendix C: Parameter space
In this appendix we look at different dimensionless pa-
rameters, in contrast to the previously used measure for
relativistic behavior aL, and investigate the influence on
the expected number of excitations in the field after the
detector’s crossing. In particular, the following param-
eters will be studied: a/Ω, ΩL, Ω/ω0, and L/ρ. The
results are collected in Figures 8, 9, and 10. It is rec-
ognizable that, as the ‘lack of resonance’ intuition dic-
tates, if the detector’s energy gap is small compared to
the energy of any field mode, the excitations are centered
around (l, n) = (1, 1) (the closest-to-zero energy mode),
spread over many modes, and there is not much qualita-
tive difference between excited and ground state.
When the gap is comparable with a cavity mode energy
we observe the same phenomenology as in Fig. 2: The
excited detector releases energy in the modes close to
resonance and changing the detector’s gap will change
the location of the resonance, and the Doppler shift for
it. Conversely, given a detector gap resonant with a field
mode, a detector flying into the cavity in its ground state
does not effect any narrowly localized field excitations.
If we analyze the dependence on the cavity width, %/L,
taking the opposite limit to Sec. V, i.e. %  L, we see
(Fig. 8) that excitations are mainly localized at modes of
constant n corresponding to resonance with Ω distributed
in a very spread manner among a variety of l modes if
the detector is initially excited. Conversely, a initially
ground-state detector excites the field in a big spread of
modes, the same as what we saw before. It may be em-
phasized that, as expected, the number expectation val-
ues are larger for an excited detector as compared to one
in the ground state, usually by several orders of magni-
tude. Moreover, increasing the acceleration increases the
number expectation values for both detector settings.
In the following, we will study once more the ratio of
the resonant contribution to the transition probabili-
ties. This will yield additional insight into the validity
of the single-mode approximation. We choose as reso-
nant modes those which are within 2% of the detector’s
gap. In case no mode fulfills the criterion, we choose
the one closest in energy. On the other hand, in certain
regimes there will be more modes added as resonant than
is actually justified from the energy distribution point of
view. However, this will only strengthen our argument.
In Table VI we present the ratio for when several of the
dimensionless parameters, i.e. a/Ω, ΩL, Ω/ω0 and L/ρ,
are either very small or very large. It can be seen that,
for an initially accelerated detector, with non-relativistic
trajectories the single-mode approximation may be suffi-
cient, depending on the specific parameters. However, as
soon as the acceleration is increased the approximation
fails inevitably. If the detector is initially in the ground
state, the single-mode approximation will not even for
non-relativistic trajectories reproduce the exact results.
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Large radial extension % L
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FIG. 8. Number expectation value N as a function of mode numbers n and l for an exemplary %/L  1 set-
ting. The parameters are %/L = 100, ΩL = 20 such that the detector’s energy gap is most resonant with
(l, n) = {(212, 6), (213, 6), (214, 6), (394, 5), (395, 5), (495, 4), (496, 4), (562, 3), (604, 2), (605, 2), (629, 1)} (assuming at most a
0.1%-difference in energy from the detector’s gap).
Limits Ω = 0 L %, 1/Ω % L, 1/Ω L ≈ % ≈ 1/Ω L %, 1/Ω % L, 1/Ω
Resonant modes off-resonant off-resonant off-resonant 10 modes 10 modes 10 modes 146 modes 680 modes 680 modes
aL 5× 10−5 5× 10−11 5× 10−5 5× 10−5 5× 10−4 5× 10−3 5× 10−2 5× 10−5 5× 10−4
a/Ω ∞ 2.5× 10−6 2.5× 10−6 10−6 10−5 10−4 5× 10−6 5× 10−6 5× 10−5
ΩL 0 2× 10−5 20 50 50 50 104 10 10
Ω/ω0 0 4.16 8.3× 10−3 10.4 10.4 10.4 2.08 4158.3 4158.3
%/L 0.5 5× 105 10−3 0.5 0.5 0.5 5× 10−4 103 103
Pe→gres /Pe→g ≤ 6.5× 10−2 3.1× 10−5 2.9× 10−9 0.9999 0.978 0.53 7× 10−2 0.999 0.88
Pg→eres /Pg→e ≤ 6.9× 10−2 3.1× 10−5 2.8× 10−9 6.5× 10−5 6.5× 10−5 6.5× 10−5 5.4× 10−3 1.7× 10−2 1.7× 10−2
TABLE VI. Estimating an upper bound to the ratio of the resonant contribution to the full transition probabilities. We have
chosen those modes for the resonant contribution which differ in energy from Ω by at most 2%. In case there is no mode
resonant with the detector’s energy gap (first 3 cases), we have chosen (l, n) = (1, 1) as closest in energy to the detector’s gap.
As the cut-offs for the sums over n and l we have 104 and 200, respectively. Note however that for the 8th and 9th case we
used 104 and 4000 as cut-offs for the sums over n and l, respectively.
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Detector initially in excited state
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FIG. 9. Number expectation value N as a function of mode numbers n and l. Parameters are %/L = 0.5, aL = 0.00005, and
varying a/Ω such that the detector’s gap is (a, d) most resonant with (l, n) = (1, 5) (intersection of dashed line); (b, c, e, f)
off-resonant with any field mode.
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FIG. 10. Number expectation value N as a function of mode numbers n and l. Parameters are aL = 0.00005, ΩL = 40
and varying Ω/ω0. The detector’s gap Ω is (a, d) off-resonant with any field mode; (b, e) most resonant with (l, n) = (1, 10)
(intersection of dashed line); (c, f) most resonant with (l, n) = (2, 12), (4, 10), (6, 5).
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